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1. INTRODUCTION 
Recently, A. G. Kartsatos proved the following (See [l]): 
THEOREM 1. For n even, let 
X(n) $ p(t)g(x, XI,..., x(+1)) = 
satisfy the following assumptions: 
p:I+R+=(O,+co), I = (to , +a), 
i 
tm 
t”-‘p(t) dt := +a. 
- tll 
0 (*I 
t, 3 0, and (i) 
(S) 
g : Rn + R = (-co, + co), qg(x, , x2 ,..., x,) > 0 (ii) 
for every (x1 , x2 ,..., x,) E R*, with xi f 0; then every bounded solution of 
(*) is oscillatory. 
Here we shall prove that the conditions of Theorem 1 are also necessary 
for the theorem to hold. We shall also generalize J. W. Wong’s result 141. All 
functions considered are supposed to be continuous and real-valued on their 
domains, and such that they guarantee the existence of solutions of (*) for 
large t (n will always be supposed to be >l). In what follows, we consider 
only such solutions that are nontrivial for all sufficiently large t. 
2. STATEMENT OF THEOREMS 
We shall prove the following theorems which are generalizations of Wong’s 
theorem [4] : 
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THEOREM 2. Suppose that n is even and 
(a) p(t) is bounded and eventually nonnegative. 
%&, , x2 ,..*, %) > 0 @I# 0); 
then, a necessary and sufficient condition that (*) have a bounded non- 
oscillatory solution is 
*+m 
1 
t’“-‘p(t) dt < +a. (1) 
THEOREM 2’. Suppose that n is even and that 
(8) p(t) is eventually nonnegative and xrg(x, , xs ,..., x,-r) > 0 (x1 # 0); 
then (1) is a necessary and sufficient condition that 
&a+“) +p(t)g(x, XI,..., d-2)) = 0 (**) 
have a bounded nonoscillatory solution. 
THEOREM 3. Suppose that n is odd and (a) [or (@)I, then (1) is a necessary 
and sufficient condition that (*) [or (**)I have a bounded nonoscillatory 
solution which tends to zero monotonically as t --f $-co. 
THEOREM 4. If in addition to the hypothesis of Theorem 2 (or Theorem 
2’), for some r > 1 and n even, 




t”-p(t) dt = +w. (2) 
THEOREM 4'. If in addition to the hypotheses of Theorem 3, for some 
Y > 1 and n odd, (S’) holds, then (2) is a necessary and sufficient condition 
that all solutions of (*)[or (* *)] be oscillatory or tend to zero monotonically 
ast-++co. 
3. PROOFS OF THEOREMS 
Proof of Theorem 2. Let x(t) be a bounded nonoscillatory solution of (*), 
which must then eventually be of one sign. Without loss of generality, we may 
assume that x(t) > 0 for t > T > 0. 
505/7/3-4 
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Since p(t) > 0 for sufficiently large t, say again for t > 7’, we see from (*): 
x(n) & 0, x(“-1) 2 0, gl”-3f ..; 0 )...( ,r.’ , o- ) 
lim xrz) - 0 (i = 1, 2 ,..., II -~ 1). (3) t -if” 
This and the fact that x(t) is positive and bounded implies that X(L) is a non- 
decreasing function and, hence, it tends to a finite limit L > 0. Hence, we 
have (cf. [2], p. 600) 
x(t) - x(tJ >s 1 (s - tJ+-l *,, (n _ l)! I’(S)&, CT’, x” ,..., xtn--l)) ds, 
where t, > T. By continuity of g(x, , x2 ,..., x,) and (3), we may choose 
Tt > T such that for t > Tr , g(.x, X’ ,..., s(“-l)) ;Z (l/2) g(L, 0 ,..., 0). Hence, 
we obtain 
x(t) - X(&J > 4g(L, 0 ,..., 0) t 
J 
(s - t,)n-lp(s) ds. (4) t,, 
We let t -+ +03 in (4) and obtain 
i 
+CC 
(s - t,)n-‘p(s) ds < $-co. t,, 
Then, for t > 2t, , we obtain from (5) 
(5) 
i.e., 
Conversely, we show that (1) implies the existence of a continuous bounded 
solution to each one of the following integral equations: 
x,&t) = - 1;” (s - t) p(s) g(xo , x1 ,..., x& ds 
x&t) -= IT” q’1 p(s) g(x, , x1 ,..., x,-J ds 
X,+(t) === - 
J’ 
+m 3-s p(s) g(x, ) x 1 ,..., x,pl) ds 
t 
(6) 
x,(t) = 1 - 
I +m 1 
‘s -“‘r,;’ p(s) g(xo , x1 ,..., x,+J ds. n . 
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We consider the following successive approximation method for (6) with 
initial functions 
g@(f) = 1, xl”‘(t) = 0 (i =- 1, 2,..., 12 - 1); 
x;Gm)(q = (-l)i-1 i,” +I$?+ p(s) g(xT-l’,..., .;“i”) ds 
(for i = 1, 2 ,..., n - l), (7) 
x$(t) = 1 - j:” (ttlT’;; p(s) g(.$,“-1) ,..., xz;l)) ds. 
We define 
D = Go , ~1 ,..., xnq)! +j < xg < 1, i Xi i < $(i = 1, 2,..., 11 - 1)) 
and N = (1, 2 ,..., n}. 
Let a positive number T, >, T be chosen such that 
By (7), (8), we obtain 
1 .:q < g(1, o,... 
+cc (s _ ty-l-i 
’ O) s, , P(S) ds < B (II - 1 - i). 
(i = 1, 2,..., 12 - 1) 
and 4 < X$ < 1; 
and, similarly, we obtain 
Inductively, we have 
0 < j @‘I < + (i = 1, 2 ,..., n - l), g < Lx;‘“’ < 1, (9) 
where m = 1, 2,.... 
From the first equation of (6), we get 
- - 
x2;(t) = -p(t)g(x;-, xy),..., x;F) (10) 
and since g is bounded on D, and, by ((Y), p(t) is bounded, we must have 
j xfi:‘(t)] < 112 (where M is constant) 
/ x’i;;“)‘(t)l == 1 @;I < 1 
(11) 
(i = 0, l,...) n - 2), 
for sufficiently large t, where m = 1, 2 ,.... 
458 ONOSE 
Since the family (xi”)} is uniformly bounded and equicontinuous, by (9), - 
(1 I), we may extract from {x~~~)) a uniformly convergent subsequence {.z~.‘)‘~)J 
for which we have 
lim ~?b) =: gi 
‘,Hi -11 m (i = 0, 1, 2 ,...) n - I), 
where Jr,, is a bounded positive solution of (6) and also (*). Q. E. D. 
Proof of Theorem 2’. The proof is entirely similar to that of Theorem 2. 
Noting that since the first equation of (6) is lacking, we do not need to assume 
p(t) being bounded. 
Proof of Theorem 3. Also, similarly (cf. [2], lemma) to the proof of 
Theorem 2, we can prove Theorem 3. So we shall not mention it here. 
Proof of Theorem 4. The proof follows mainly from the corresponding 
theorem of LICK0 and SVEC [3]. In fact, the condition on the function 
g implies that, for some E > 0, g(x, , x2 ,..., x.,) > EYES for large positive x1, 
andg(x, , X~ ,..., x,) < --EXIT for small negative x1 . Thus, the proof is almost 
identical to that of LICK0 and $VEC for x(t) unbounded, and it follows 
immediately from Theorem 2 for x(t) bounded. 
Proof of Theorem 4’. The proof is very similar to that of Theorem 4 and 
we omit it here. 
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